Based on the recent derivation of quadrature bases that incorporate the spatiotemporal degrees of freedom [Phys. Rev. A 98, 043841 (2018)], we develop a Wigner functional theory for quantum optics. Since these spatiotemporal quadrature bases span a large Hilbert space that does not require factorization as a tensor product of discrete Hilbert spaces, the Wigner functions associated with such a space become functionals and operations are expressed by functional integrals. The resulting formalism enables tractable calculations for scenarios where both spatiotemporal degrees of freedom and particle-number degrees of freedom are relevant. We compute examples of Wigner functionals for a few states and operators.
I. INTRODUCTION
Quantum information technology can provide secure communication [1] , more accurate measurements [2] and more efficient computations [3] , among other benefits. However, quantum states are often fragile. The purity and coherence of such states, for instance, are easily lost when such states interact with the environment [4] .
To increase the information capacity of quantum systems [5] [6] [7] and to improve the security in quantum cryptography [8] [9] [10] , the states are often prepared in higher dimensional Hilbert spaces. An example is the spatial modes of photons, such as orbital angular momentum (OAM) modes [11, 12] . They represent an infinite dimensional Hilbert space. Applications that use such higher dimensional Hilbert spaces are usually implemented in terms of individual photons encoded in terms of their spatial degrees of freedom. Losses and stray photons tend to reduce the signal-to-noise ratio, slowing down the rate at which such systems can operate [13] .
One way to overcome the losses and noise issues is to prepare multi-photon states that incorporate different spatial modes. The result is complex quantum systems represented in terms of both their spatiotemporal degrees of freedom and particle-number degrees of freedom [14] . Such systems are generally difficult to analyze. One approach is to duplicate the operator formalism for a single-mode multi-particle system several times to handle several discrete modes. Numerous such implementations exist [15, 16] . The result is best applied in cases of Gaussian states that can be represented in terms of a few discrete spatial modes [17] .
In a different development, started during the Second World War, it was independently shown by Groenewold [18] and Moyal [19] that quantum mechanics can be successfully formulated without operators. In this formulation of quantum mechanics in phase space (QMPS) [20] , the states and operators are represented by functions of phase space variables (such as position and momentum for the harmonic oscillator). The generic examples of * froux@nmisa.org such functions are the Wigner functions [21] . Products of operators are represented by so-called star products (⋆-products) of Wigner functions. It was shown that this formulation reproduces all the uncertainty relations associated with quantum mechanics.
One of the challenges that was initially encountered with the QMPS formulation was how to incorporate other degrees of freedom (apart from the particle-number degrees of freedom) into the formulation. In the case of spin (and other internal symmetries), the problem was overcome with the aid of the Stratonovich-Weyl correspondence [22] [23] [24] . For the spatial degrees of freedom, one can use a similar approach [25] or other approaches (see for example [26] ), but these again lead to a finite set of discrete spatial modes (and often tend to return to an operator-based approach).
Recently, we found a way to combine the spatiotemporal degrees of freedom and the particle-number degrees of freedom into one comprehensive Hilbert space [27] . This Hilbert space is spanned by spatiotemporal quadrature bases, which are generalizations of the quadrature bases associated with the particle-number of degrees of freedom. In this article, guided by the QMPS formalism, we develop an approach in which these quadrature bases are used to generalize the standard Wigner distributions to become Wigner functionals. The development parallels the normal theory of Wigner functions (and of the QMPS formalism), showing that most properties can be carried over to the functional formalism. However, analyses now tend to involve functional integrals.
The involvement of functional integrals in the new formalism may create the impression that any analysis that is done with this formalism would be severely complex and often intractable. However, thanks to the close analogy between the well-known Wigner distributions and the Wigner functional approach presented here, such calculations are found to be generally quite tractable. It is true that, apart from some special cases, one can evaluate such functional integrals only when the integrand is in the form of a Gaussian functional. However, with the aid of auxiliary variables and generating functionals, it is often possible to represent the quantum states and operations in terms of such Gaussian functionals, even if the original functional expressions are not of that form.
To The quadrature bases in terms of which the Wigner functional formalism for quantum optics is defined, are obtained as eigenstates of the fixed-momentum quadrature operatorsq
Here, k represents three-dimensional wave vectors and the subscript s is the spin index. These quadrature operators are directly defined in terms of the creation and annihilation operatorsâ † s (k) andâ s (k) that are obtained from the quantization of the electromagnetic field
The creation and annihilation operators obey a Lorentz covariant commutation relation, given by
where ω 1 = c|k 1 | is the angular frequency, given in terms of the free-space dispersion relation, and δ s,r is the Kronecker delta for the spin indices. The equivalent Lorentz covariant commutation relation for the fixed-momentum quadrature operators reads
To simplify notation, we shall neglect the spin degrees of freedom and not display the spin indices in the remainder of this paper. It is nevertheless straight-forward to reintroduce them if necessary.
The eigenstates in Eq. (1) can be expressed by
in terms of special quadrature creation operatorŝ
and V 0 and W 0 are normalization constants, given by
Here, Ω represents a divergent constant (which is the cardinality of a countable infinite set Ω = ℵ 0 ). The integration measures in Eq. (7) and below are given in terms of a simplified notation
The quadrature bases obey orthogonality conditions, expressed in terms of Dirac delta functionals
The square brackets indicate that the quantity is a functional (a function of functions), where q and p represent functions. It depends on the entire functions and not on a particular function value of that function. For that reason, we do not show the arguments of the functions inside the square bracket δ[q(k) − q ′ (k)], because the quantity does not explicitly depend on k.
The expressions in Eqs. (8) and (10) differ from those in Ref. [27] . Their derivations are discussed in Appen. A.
B. Functional integrals
An important quantity is the overlap q|p , which reads
It appears when expressions are converted from one quadrature basis into another mutually unbiased quadrature basis and thus can act as the kernel of a kind of Fourier transform. These Fourier transforms suggest a functional (or pathintegral) approach for any analysis involving the spatiotemporal quadrature bases. The expressions of functional integrals are in general rather complex. However, since these functional integrals can, apart from some special cases, only be evaluated when their integrands are in Gaussian form, one can exploit this situation to simplify the notation. The Gaussian form implies an exponential function with an argument consisting of integrals over some degrees of freedom, typically the three-dimensional wave vectors. The integrands of these integrals are products of functions of the wave vectors. There may be multiple sets of wave vectors that are being integrated. Usually, a given set of wave vectors would appear exactly twice as arguments of functions in each term, thus connecting a pair of functions in the term. We denote such a connection by a binary operator •.
As an example, we introduce the following notation for the inner-product between two functions
which implies that q|p ≡ exp(iq • p). If there is a kernel function involved, we have
Note that it is not equivalent to
The completeness conditions for the spatiotemporal quadrature bases are represented as functional integrals
where 1 is the identity operator for the entire Hilbert space. The functional measures in Eq. (15) run over all finite-energy real-valued continuously differentiable functions. The measure for the integral over p incorporates a (cardinality) constant
The derivation of the completeness conditions in Eq. (15) are discussed in Appen. B. Using Eqs. (10), (11) , and (15), one can show that
Combining these integrals and converting the integration "variables" (fields) into complex variable
one gets
where
The generic functional integral with an integrand in isotropic Gaussian form gives
where K is an invertible kernel, and ξ and ζ are arbitrary complex functions. To be invertible, the kernel must have an inverse K −1 , such that
The functional determinant det{K} can be expressed as
where, for an arbitrary kernel function
The expression in Eq. (11) indicates that the quadrature bases are related by functional Fourier transforms. As a result, one can express one in terms of the other as functional Fourier integrals
These Fourier relationships, together with the expressions of the eigen-equations in Eq. (1), allow the quadrature operators to be represent in their dual bases by functional derivativeŝ
The operation of a functional derivative is defined by
C. Fixed-spectrum Fock states
The fixed-spectrum Fock states are defined as
in terms of fixed-spectrum creation operators, given bŷ
The angular spectrum F (k), which is also the Fourier domain wave function, is normalized as
It ensures that the fixed-spectrum creation and annihilation operators obey a simple commutation relation [â F ,â † F ] = 1 and that the fixed-spectrum Fock states are individually normalized n F |n F = 1. The inner-product between Fock states with different spectra reads
where F, G is defined in Eq. (12) . When the annihilation operator in the momentum basis is applied to the fixed-spectrum Fock states, we obtain
D. Fixed-spectrum coherent states
The fixed-spectrum coherent states are defined as
in terms of the fixed-spectrum Fock states, where α is an arbitrary complex constant. By combining the normalized spectrum and the complex parameter into a function α(k) ≡ αF (k), we note that, according to Eq. (30),
When the (fixed-momentum) annihilation operator is applied to the fixed-spectrum coherent state, we obtain
where we used Eq. (32). The fixed-spectrum coherent states can also be expressed in terms of displacement operators given bŷ
Expressed in terms of quadrature operators, the displacement operator readŝ
where we used Eq. (18) . The inner-product between different fixed-spectrum coherent states is obtained from Eqs. (31) and (33):
Although not orthogonal, the fixed-spectrum coherent states resolve the identity operator, as indicated by
E. Quadrature representation of coherent states
To expand fixed-spectrum coherent states in terms of the spatiotemporal quadrature bases, we employ the eigenstate property of the coherent states in Eq. (35):
Therefore,
where we used Eq. (8) and Eq. (33). If we express α 0 (k) in terms of its real and imaginary parts, according to Eq. (18), we obtain
III. WIGNER FUNCTIONAL THEORY
We are now ready to develop the formalism for Wigner functionals in quantum optics. To alleviate the complexity of the expressions, we'll drop the constant factors.
Since these constants are often related to the cardinality of the space, and therefore obey cardinality arithmetic [28] , it is not always possible to obtain unambiguous definitions of the final constant by keeping track of how they emerge. Therefore, we'll ignore these constants in what follows and only consider what they need to be for states that need to be normalized.
A. Definition of the Wigner functional
The generic definition of a Wigner functional is
whereρ is a density operator in the Hilbert space of all states that incorporate both particle-number degrees of freedom and spatiotemporal degrees of freedom. The square brackets in W [q, p] indicate that the quantity is a functional.
The density operatorρ can also be represented as a density 'matrix', which we refer to as a density functional
In the case of a pure state, the density functional becomes a product of a wave functional ψ[q] = q|ψ and its complex conjugate
B. Functional Weyl transformation
The inverse process whereby the density functional in either of the quadrature bases is reproduced from the Wigner functional is represented by a generalization of the Weyl transformation. For the q-basis, we have
A similar expression applies for the p-basis. The generalized Weyl transformation can also be used to reproduce the density operator
It then follows that the trace of the density operator is represented by the functional integral of the associated Wigner functional
C. Wigner functional for products of operators
The Wigner functional for the product of two operators, can be expressed in terms of a functional integral over the Wigner functionals of these operators:
The result is the equivalent of the star-product for Wigner functionals [20] . For the product of three operators, the functional integral expression is
where we ignore the overall constants and used Eq. (18) and Eq. (20) to expressed it in terms of α's, instead of q's and p's.
D. Characteristic functional
The characteristic functional is the functional Fourier transform of the Wigner functional
The Wigner functional is obtained from the characteristic functional via the inverse functional Fourier transform 
whereÂ is an arbitrary operator, and α 1 and α 2 are complex functions associated with the fixed-spectrum coherent states, serving as integration "variables." Next, we substitute Eq. (43) into the result and evaluate the func-tional integral over x to obtain
It now remains to evaluate the overlap of the operatorÂ by the two coherent states and to perform the functional integrations over α 1 and α 2 .
IV. EXAMPLES OF WIGNER FUNCTIONALS
A. Fixed-spectrum coherent state
To obtain the Wigner functional for a fixed-spectrum coherent state, we substituteρ → |α F α F | into Eq. (44)
The expressions for the two inner-products are obtained from Eq. (43). After substituting them into Eq. (56) and evaluating the functional integral over x, we obtain
where N 0 is a normalization constant and α(k), given by Eq. (18), represents the independent "variable." Although the normalization constant N 0 can be obtained by keeping track of the constants, it can also be determined by imposing the requirement that the state is normalized, as in Eq. (49). Both ways lead to
B. Fixed-spectrum Fock states
Next, we use the coherent state assisted approach to compute the Wigner functionals for the fixed-spectrum Fock states, defined in Eq. (28) . The overlap between such a Fock state and an arbitrary fixed-spectrum coherent state is
where we used Eq. (31) and Eq. (33). Hence,
One can simplify the expression by representing it as a generating functional
where η is an auxiliary parameter, such that
Substituting α 1 |Â |α 2 → K into Eq. (55), we obtain a generating functional for the Wigner functionals of the Fock states, expressed as a functional integral
We ignored an overall constant and α is given in Eq. (18) . With the aid of Eq. (21), one can evaluate the functional integrals over α 1 and α 2 . The result reads
where N 0 is the normalization constant. The inverse of the kernel is obtained by assume it has the form
where A is unknown. It then follows that
which implies that
where we used the fact that F F * • F F * = F F * , thanks to Eq. (30). The result is
where the normalization constant N 0 is given in Eq. (58), which we obtained by computing the trace in Eq. (49). The determinant simplifies thanks to Eq. (23):
Comparing the result in Eq. (68) with the generating function for Laguerre polynomials,
where L n (x) is the n-th order Laguerre polynomial, one finds that the Wigner functionals for the fixed-spectrum Fock states are of the form
A benefit of the Wigner formalism is that it does not only serve to represent states but can also be used to represent operators. The example that we consider here is the displacement operator given in Eq. (36). We use the Baker-Campbell-Hausdorff formula 
For the coherent state assisted approach, we compute the overlap
Then we substitute it into Eq. (55) to obtain a functional integral expression for the Wigner functional of the displacement operator
After evaluating the functional integrals over α 1 and α 2 , we obtain a familiar form:
One can use the Wigner functional expression for the product of three operators in Eq. (51) to obtain a general expression for the Wigner functional of an arbitrary state after displacement operators are applied to it:
There are no quadratic terms for α b in the exponent. Hence, the functional integration over α b produces a Dirac delta functional
As expected, the effect of the displacement operation on an arbitrary Wigner functional is a shift in its argument.
V. MEASUREMENTS
Measurements in quantum optics can take on various forms and the nature of the measurement depends on the degrees of freedom that are involved. A comprehensive theory for quantum optical measurements, requires a comprehensive treatment of all the degrees of freedom. Here, the Wigner functional formalism is used to consider such measurements. The development parallels the known formulation for measurements and only shows how such treatment is expressed in terms of functionals.
Generally, the result of a measurement is obtained from the trace
whereρ is the density operator of the state being measured andÂ is the Hermitian operator associated with the measurement. In terms of Wigner functionals, the trace of the product of operators becomes 
where J is an auxiliary parameter. The resulting expression serves as a generating function for the measurement. It is obtained by performing the calculation
Here · on the right-hand side denotes the functional integration, and normalization factor ensures that the divergent constant and functional determinants cancel to give a meaningful quantity. One way to take care of the cancellation is by defining a partition function
It allows one to compute
Thanks to the ratio of functional integrals, the functional determinants and the divergent constants cancel. One can also use the partition function to compute the variance in the measurement
It follows from the fact that, thanks to the logarithmic form, Z(J) is a generating function for the cumulants. Although the above definition is adequate for the evaluation of many kinds of measurements, there are many measurements with Wigner functional that are not given by second order polynomials in q and p. Various other ways exist to define generating functions for this purpose. If the Wigner functional for the measurement is a holonomic function of q and p, one can construct the measurement with the aid of source terms for q and p. In such a case, the Wigner functional for the state becomes a generating function .
VI. CONCLUSION
The existence of a complete orthogonal basis for the full Hilbert space of quantum optical states, which incorporates all the degrees of freedom associated with photonic states, allows one to formulate powerful tools to analyze quantum optical systems. Since the complete orthogonal basis is a quadrature basis, the natural choice of such a formalism is a generalization of the well-known Wigner distribution formalism.
Here, the Wigner functional formalism is presented, based on the spatiotemporal quadrature basis -the qbasis. The result demonstrates a clear analogy between the functional formalism and the well-known Wigner function, characteristic function and Weyl transform. Even the star-product is reproduced in a similar form.
We used the functional formalism to compute some examples of Wigner functionals. These examples include: the Wigner functional for fixed-spectrum coherent states, a generating functional for the Wigner functionals of fixed-spectrum Fock states and the Wigner functional for the displacement operator.
The use of Wigner functionals to compute measurements on quantum optical states is also discussed. In the process, we demonstrate the use of some techniques based on generating functions, partition functions and functional source terms, to alleviate calculations.
